Abstract. We show that the symplectic reduction of the dynamics of N point vortices on the plane by the special Euclidean group SE(2) yields a Lie-Poisson equation for relative configurations of the vortices. Specifically, we combine symplectic reduction by stages with a dual pair associated with the reduction by rotations to show that the SE(2)-reduced space with non-zero angular impulse is a coadjoint orbit. This result complements some existing works by establishing a relationship between the symplectic/Hamiltonian structures of the original and reduced dynamics.
1. Introduction 1.1. Dynamics of N Point Vortices. The dynamics of N point vortices {x j = (x j , y j ) ∈ R 2 } N j=1 on the plane R 2 with non-zero circulations {Γ j ∈ R\{0}} N j=1 is governed by the system of equationṡ Γ j dx j ∧ dy j (1) and define the Hamiltonian H as H(x 1 , . . . , x N ) := − 1 4π
Then the Hamiltonian system i X H Ω = dH yields the above system of equations. A common and more succinct way of describing the system is to identify R 2 with C via (x j , y j ) → x j + iy j =: q j and write the symplectic form on R 2N ∼ = C N = {q = (q 1 , . . . , q N )} as 
Then the system is written asq
for j ∈ {1, . . . , N }. This system has SE(2) = SO(2) R 2 -symmetry under the action
((e iθ , a), q) → e iθ q + a1,
where we identified R 2 with C and defined 1 := (1, . . . , 1) ∈ C N . It is well known (see, e.g., Newton [20, Equation (2.1.5) on p. 69]) that one may derive a closed set of equations for the inter-vortex separations l ij := |q i −q j | of the point vortices; this is often referred to as the equation of relative motion or the shape dynamics. From the geometric point of view, this corresponds to the reduction of the dynamics by the above SE(2)-symmetry: This symmetry is essentially due to the uniformity of the ambient space, and hence "dividing" the dynamics by this symmetry results in the shape dynamics. Such a reduction by symmetry-called symplectic or Hamiltonian reduction-is one of the main topics of the geometric approach to Hamiltonian dynamics; see, e.g., Abraham and Marsden [1] , Marsden and Ratiu [15] , Marsden et al. [17] , and references therein. The use of shape space/dynamics is particularly popular in the N -body problem of classical mechanics; see, e.g., Iwai [13] , Montgomery [19] , and references therein.
1.2.
Main Results and Outline. We perform SE(2)-reduction of the Hamiltonian dynamics of N point vortices with non-zero angular impulse and show that the resulting dynamics can be written as a Lie-Poisson equation in a coadjoint orbit. The main goal of this paper is to show that the SE(2)-reduction naturally gives rise to the Lie-Poisson equation.
That one can write the reduced/shape dynamics of N point vortices as a Lie-Poisson equation is not new. Borisov and Pavlov [7] found the Lie-Poisson bracket for the reduced dynamics in a rather direct manner, and Bolsinov et al. [6] gave a Lie-algebraic interpretation of the result by defining a so-called vortex algebra, and showed that it is isomorphic to the indefinite unitary algebra u(p, q) for some p, q ∈ {0, . . . , N − 1} such that p + q = N − 1, depending on the signs of the circulations {Γ j } N j=1 . More recently, Hernández-Garduño [11] (see also Hernández-Garduño and Shashikanth [12] ) showed that the reduced dynamics of three point vortices may be written as a Lie-Poisson equation on u(2) * with the standard Lie-Poisson bracket by constructing a set of covectors satisfying the Pauli commutation relations.
Our contribution is that we identify the Lie-Poisson structure as the natural symplectic structure on the reduced space by performing symplectic reduction by the SE(2)-symmetry, thereby establishing a clear connection between the original symplectic structure (1) with the Lie-Poisson structure.
Particularly, we perform the SE(2)-reduction by stages by first performing the reduction by R 2 (see Section 2), and then by SO(2) (see Section 3). We note that Bolsinov et al. [6] seem to work other way around, i.e., first by rotations and then by translations, although it is not particularly clear how one can perform the R 2 -reduction of the SO(2)-reduced space, nor how the symplectic structures are related to each other. We stick to the former approach because that is the procedure justified by the semidirect product reduction (see, e.g., Marsden et al. [17, Theorem 4 
.2.2 on p. 122]).
Our work elucidates how the original symplectic structure Ω gives rise to a symplectic structure Ω Z or Ω Z 0 (Propositions 2.4 and 2.6) on the R 2 -reduced space, and also in turn, Ω Z or Ω Z 0 gives rise to the Lie-Poisson structure as a result of the SO(2)-reduction if the angular impulse is nonzero (Theorem 3.3). As we shall see in Section 2, the two symplectic structures Ω Z and Ω Z 0 on the R 2 -reduced space correspond to those cases where the total circulation γ 0 := N j=1 Γ j is non-zero and zero, respectively. These two cases result in slightly different geometries and hence requires separate treatments. Nevertheless, the resulting symplectic structures Ω Z and Ω Z 0 have similar structures, and hence the SO(2)-reduction to follow works the same way.
We also show that the resulting Lie-Poisson dynamics possesses Casimirs that may provide additional conserved quantities (Corollary 3.5). We illustrate this result by working out the reduced dynamics of three point vortices with non-zero total circulation as well as four point vortices with zero total circulations.
As an aside, we note that the initial inspiration came from the work of Montgomery [19] on the reduction of the three-body problem (of celestial mechanics not of point vortices). The map Φ defined in (25) (or π rot defined in (31)) in [19] used for reduction by rotational symmetry is a momentum map if one thinks of the configuration space R 2 ∼ = C-not its cotangent bundleas a symplectic vector space in the standard manner. While this symplectic structure on the configuration space has little significance in celestial mechanics, it is an essential ingredient in point vortex dynamics as its Hamiltonian formulation employs a variant (1) of this symplectic structure. The corresponding momentum map in our context constitutes one leg of the dual pair we will exploit in this paper; see Section 3.3.
Reduction by Translational Symmetry
The first stage of the SE(2)-reduction by stages is the reduction by the translational symmetry. As mentioned above, we need slightly different treatments depending on whether the total circulation γ 0 := N j=1 Γ j is zero or not.
2.1. Translational Symmetry and Momentum Map. We define the translational C ∼ = R 2 -action on C N as follows:
The corresponding infinitesimal generator for α ∈ C is then written as
Then one sees that
where we defined an inner product on C as α, β C := Re(α * β). Hence we have I α (q) = I(q), α with the momentum map I : C N → C * ∼ = C defined by 
Proof. Since C is abelian, the coadjoint action is trivial; hence equivariance would be I(q + a1) = I(q) for any a ∈ C. However, it is straightforward to see that, for any a ∈ C,
2.2.
Reduction by Translational Symmetry. Let c ∈ C be arbitrary and consider the level set
which defines an affine subspace of C N . It has different symplectic-geometric properties depending on the value of the total circulation γ 0 :
Lemma 2.2. The affine subspace I −1 (−ic) ⊂ C N is symplectic if γ 0 = 0 whereas it is coisotropic if γ 0 = 0.
Proof. Let us write A := I −1 (−ic) for short and find the symplectic orthogonal complement (T A) Ω of the tangent space T A of A. Let q ∈ A be arbitrary and v = (v 1 , . . . , v N ) ∈ C N be an arbitrary element in T q A by identifying T q A with C N in a natural manner for notational simplicity. Then
where we defined
Hence we see that
Therefore, if γ 0 = 0 then A is symplectic, whereas if γ 0 = 0 then (T q A) Ω ⊂ T q A for any q ∈ A, and so A is coisotropic.
As a result, we obtain the reduced space as follows:
Proposition 2.3 (Reduction by translational symmetry).
(i) If γ 0 = 0, the reduced space by the translational symmetry is I −1 (−ic) itself for any c ∈ C; the affine subspace I −1 (−ic) in turn may be identified with the subspace I −1 (0) ∼ = C N −1 . (ii) If γ 0 = 0, the reduced space is I −1 (−ic)/C and may be identified with
Proof. Suppose first that γ 0 = 0. By Lemma 2.1, the momentum map I is not equivariant. Therefore, we would like to invoke the non-equivariant symplectic reduction (see, e.g., [17, p. 17] ). Based on what we observed in the proof of Lemma 2.1, we define a cocycle σ :
This gives rise to the new action Ξ :
The isotropy group of this action is clearly trivial, i.e., C −ic = {0}. Hence the (non-equivariant) Marsden-Weinstein quotient is I −1 (−ic) itself. However, one may shift the origin of C N so that the affine space I −1 (−ic) becomes the subspace I −1 (0) ∼ = C N −1 . Note that this does not affect the dynamics because of the translational symmetry of the Hamiltonian (2) . Now suppose that γ 0 = 0. Then, by Lemma 2.1, the momentum map I is equivariant. Since C is abelian, the isotropy group is given by C −ic = C. Hence we obtain the Marsden-Weinstein quotient I −1 (−ic)/C. One sees from (5) that I −1 (−ic) defines an affine space of (complex) codimension one. Since C acts on it by translations in the direction of 1 inside I −1 (−ic), one sees that the quotient I −1 (−ic) is an affine space of (complex) codimension two, i.e., I −1 (−ic)/C ∼ = C N −2 . Alternatively, for the same reason as above, one may identify I −1 (−ic) with the subspace I −1 (0). Then it is easy to see that I −1 (0)/C is a quotient of a vector space I −1 (0) ∼ = C N −1 by its subspace C1 and hence is isomorphic to C N −2 . This is nothing but the linear symplectic reduction of a coisotropic subspace; see, e.g., McDuff and Salamon [18, Lemma 2.1.7].
2.3. Symplectic Forms on R 2 -Reduced Space. Let us first consider the case with γ 0 = 0. The above proposition tells us that the reduced space by translational symmetry may be identified with the subspace
We parametrize this subspace using the relative positions of the first N − 1 point vortices with respect to the last one, i.e.,
Then,
We remove the those points for N -tuple collisions q 1 = · · · = q N or equivalently z = 0 to define
Let us find the symplectic form Ω Z induced on Z by Ω.
Proposition 2.4. If γ 0 = 0, then the symplectic form on the R 2 -reduced space Z can be written as
where Θ Z is the one-form on Z ∼ = C N −1 \{0} defined as
Proof. The constraint N j=1 Γ j q j = 0 for q to be in Z = I −1 (0) is rewritten in terms of z as
and thus we may write the embedding ι :
Then, straightforward calculations yield the pull-back
Hence the symplectic form on Z is given by
Remark 2.5. The matrix K is invertible under our assumption that Γ j = 0 for j ∈ {1, . . . , N }; see Lemma B.1.
What if γ 0 = 0? In this case, we may write the embedding i 0 :
The pull-back of the canonical one-form Θ by i 0 is then
Let us set, with a slight abuse of notation,
as in (6) . Notice that z is in C N −2 as opposed to C N −1 here; compare with (6) . Then z provides a set of coordinates for the reduced space I −1 (0)/C. Now, z = 0 again exactly corresponds to N -tuple collisions here, and so we define
We may then rewrite the above pull-back in terms of z as follows:
Hence we have
0 Ω Z 0 , where π 0 : I −1 (0) → I −1 (0)/C is the quotient map, and Ω Z 0 := −dΘ Z 0 with
and
To summarize, we have:
Proposition 2.6. If γ 0 = 0, then the symplectic form on the R 2 -reduced space Z 0 ∼ = C N −2 \{0} is given by Ω Z 0 = −dΘ Z 0 where Θ Z 0 is the one-form defined in (8) along with (9).
Remark 2.7. Comparing the matrices K from (7) and K 0 from above, one notices that the symplectic form Ω Z 0 is identical to that of Ω Z for N − 1 (as opposed to N ) vortices with γ 0 replaced by −Γ N . That is, after the R 2 -reduction, the symplectic structure for N point vortices with vanishing total circulation (i.e., γ 0 = 0) is the same as that for (the first) N − 1 point vortices whose total circulation is −Γ N = 0. We note that Aref [2] observed that three-vortex motion with zero total circulation can be effectively reduced to a two-vortex problem. Similarly, Aref and Stremler [4] showed that four-vortex motion with zero total circulation-which is known to be integrable [9] -can be reduced to a three-vortex one as well.
Reduction by Rotational Symmetry
Let us perform the further reduction by rotational symmetry. This is the second stage of the semidirect product reduction by SE(2) = SO(2) R 2 , and is more involved than that by translations.
The key ingredient is the pair of momentum maps R and J found in the two subsections to follow:
The first momentum map R is the conserved quantity corresponding to the SO(2)-symmetry, and hence its role is clear from the point of view of symplectic reduction: The reduced space by the rotational symmetry is the Marsden-Weinstein quotient R −1 (c)/S 1 for an arbitrary regular value c ∈ R. The problem is that this quotient is not easy to describe and parametrize, and hence is not amenable to writing down the reduced dynamics explicitly. Instead, we exploit another momentum map J corresponding to the natural action of the unitary group U(K) (see Section 3.2) on the R 2 -reduced space Z. We show that R and J constitute a socalled dual pair (see, e.g., Weinstein [23] Throughout the section, we will describe the results for the case with γ 0 = 0 with the symplectic manifold Z and the symplectic structure Ω Z defined in terms of the matrix K. Similar results hold for the case with γ 0 = 0 and Z 0 by replacing N by N − 1 and the matrix K by K 0 .
3.1. Rotational Action on Z. Let S 1 = e iθ ∈ C | θ ∈ [0, 2π) ∼ = SO(2) and consider the rotational action
This is the rotational action induced on Z by the SE(2) action defined in (4) after the translational R 2 -reduction performed above. The action Ψ clearly leaves the one-form Θ Z invariant, i.e., Ψ * e iθ Θ Z = Θ Z for any e iθ ∈ S 1 , and hence is symplectic with respect to the symplectic form Ω Z obtained in Proposition 2.4, i.e., Ψ * e iθ Ω Z = Ω Z for any e iθ ∈ S 1 . The corresponding infinitesimal generator is defined for any ω ∈ so(2) ∼ = R as follows:
Hence the corresponding momentum map is given by R : Z → R defined by
for any ω ∈ so(2) ∼ = R. Therefore, we have
Since our system has S 1 -symmetry, R is a conserved quantity of the dynamics. In fact, this is the so-called angular impulse; see, e.g., Newton [20, Section 2.1] and Aref [3] .
Lie Group U(K) and Lie Algebra u(K).
Let us define a Lie group U(K) that naturally acts on Z symplectically; then the other leg J of the dual pair follows from this action. This subsection essentially reproduces the treatment of the vortex algebra of Bolsinov et al. [6] . The difference is that our group acts on the R 2 -reduced space Z (or Z 0 if γ 0 = 0) whereas theirs acts on the original configuration space C N . This difference stems from the fact we perform R 2 -reduction whereas they perform SO(2)-reduction; see Section 1.2 for the reason why we prefer to do so. Let us define the Lie group
It acts on Z as follows:
Clearly Φ leaves the one-form Θ Z invariant and hence is symplectic with respect to the symplectic form Ω Z . The Lie algebra of U(K) is given by
In what follows, we will not directly work with u(K) because it turns out to be more convenient to instead work with the Lie algebra
equipped with the non-standard Lie bracket
Note that, as a vector space, v K is a subspace of u(N − 1), but is not a subalgebra of u(N − 1). However, we see that the map
is a Lie algebra isomorphism. Hence we will use u(K) and v K interchangeably in what follows. Given an arbitraryξ ∈ u(K), its infinitesimal generator is given bỹ
Alternatively, given an arbitrary ξ ∈ v K , one defines its infinitesimal generator by
What is the corresponding momentum map J :
and identify v * K with v K via the inner product. Let ξ ∈ v K be arbitrary. Then the momentum map J :
We continue our treatment of U(K) and u(K)-especially the associated coadjoint action and representation-in Appendix A.
3.3.
Reduction by Rotations via a Dual Pair. Now that we have the pair of canonical actions Ψ and Φ on Z and the corresponding momentum maps R and J, the last piece of the puzzle is to identify the Marsden-Weinstein quotient R −1 (c)/S 1 with a coadjoint orbit in v * K . To that end, let us prove two lemmas that are essential for our purpose: Lemma 3.1. Each level set of J is an S 1 -orbit, i.e., for any z ∈ Z, J −1 (J(z)) = S 1 · z.
Proof. Let z ∈ Z be arbitrary, and let us show that J −1 (J(z)) ⊂ S 1 · z. First observe that, in view of (16) ,
Hence if w ∈ J −1 (J(z)) then ww * = zz * ; but then it implies that |w j | = |z j | for any j ∈ I := {1, . . . , N − 1} as well as that w j w * k = z j z * k for any j, k ∈ I with j = k. The former implies that w j = e iθ j z j with some θ j ∈ [0, 2π) for any j ∈ I. Now, let
If j ∈ I 0 , then z j = 0 and thus it follows that w j = 0. On the other hand, for any j, k ∈ I\I 0 with j = k, we have e iθ j = e iθ k . Therefore, for any j ∈ I\I 0 we have w j = e iθ z j for some θ ∈ [0, 2π). As a result, we have w = e iθ z, i.e., w ∈ S 1 · z. Hence we have J −1 (J(z)) ⊂ S 1 · z. The other inclusion
Lemma 3.2. Each non-zero level set of R is a U(K)-orbit, i.e., for any z ∈ Z\R −1 (0), R −1 (R(z)) = U(K) · z.
Proof. See Appendix B.
This results in an identification of the Marsden-Weinstein quotient R −1 (c 0 )/S 1 for c 0 = 0 with a coadjoint orbit O µ 0 in u(K) * ∼ = v * K equipped with the (+)-Kirillov-Kostant-Souriau (KKS) symplectic structure, i.e., for any µ ∈ O µ 0 and ξ, η ∈ u(K) ∼ = v K ,
where 
and Ω c 0 is the reduced symplectic form on Note that, due to the result of Lemma 3.2, we first restrict the definitions of the actions Ψ and Φ and the momentum maps R and J to the open subset Z\R −1 (0); we do not change the notation to avoid unnecessary complications. Then, (i) and (ii) are clear from the definitions (11) and (13) of Ψ and Φ as well as that of the symplectic form Ω Z in Proposition 2.4; (iii) is also clear from the definitions (12) and (16) of the momentum maps; (iv) follows from Lemmas 3.1 and 3.2 from above.
Remark 3.4. Clearly, both Ψ and Φ are free; note that Z := C N −1 \{0}. Then the conditions we checked above implies (see Skerritt [22, Proposition 3.7] ) that the momentum maps R and J form a dual pair on Z\R −1 (0) in the sense of Weinstein [23] (see also Ortega and Ratiu [21, Chapter 11]), i.e., the pair of Poisson maps (10) satisfies (ker T z R) Ω Z = ker T z J for any z ∈ Z\R −1 (0). . Consider the dynamics of N point vortices with non-zero circulations {Γ j ∈ R\{0}} N j=1 defined by (3) . Suppose that the total circulation is non-zero, i.e., γ 0 := N j=1 Γ j = 0, and let q(0) ∈ C N be the initial condition for (3), z 0 ∈ Z be the corresponding element defined by (6) , and µ 0 := J(z 0 ). If R(z 0 ) = 0 (i.e., the angular impulse is non-zero), then:
(i) The SE(2)-reduced dynamics in the coadjoint orbit O µ 0 is described by µ = J(z) satisfying the Lie-Poisson equationμ
where h : v * K → R is a collective Hamiltonian, i.e., H Z = h • J. (18) is, using (A.2),
where the functional derivative δh/δµ ∈ v K is defined so that, for any µ, ν ∈ v * K ,
Remark 3.7. The Casimir C 1 is essentially the angular impulse R. In fact, we have
Remark 3.8. As mentioned in the beginning of the section, the results of both Theorem 3.3 and Corollary 3.5 apply to the case with vanishing total circulation by replacing N by N − 1 and K by K 0 .
Example 3.9 (N = 3 with γ 0 = 0). We may write the elements in v K as
which can be identified with R 4 = {(µ 1 , µ 2 , µ 3 , µ 4 )}. By setting µ = J(z), we have
The functional derivative δh/δµ is then
We define the collective Hamiltonian h as
The Lie-Poisson equation (18) or (19) then giveṡ
where
The linear Casimir C 1 (essentially the angular impulse R; see Remark 3.7) is written in terms of µ as follows:
It is easy to see that the three conserved quantities-the Hamiltonian h, the linear and quadratic Casimirs C 1 and C 2 (see (A.1))-are independent. Since C 1 is linear in (µ 1 , µ 2 , µ 3 ), its level set C −1 1 (2c 0 ) defines an affine subspace of codimension 1 in v(K); hence we may parametrize the level set of C −1 1 (2c 0 ) by (µ 1 , µ 2 , µ 4 ). One may then restrict the collective Hamiltonian h and the quadratic Casimir C 2 in this affine subspace. Then the Lie-Poisson dynamics is in the onedimensional submanifold defined by the intersection of the level sets of h and C 2 in the affine subspace C −1 1 (2c 0 ), demonstrating the integrability of the system; see Fig. 1 (a) . In order to simplify the expression of the above Lie-Poisson equation, define a coordinate system ν = (ν 1 , ν 2 , ν 3 , ν 4 ) for v K as follows:
These are the variables (s 2 1 , s 2 2 , s 2 3 , ∆) of Aref [3] (see also Borisov and Pavlov [7] ), where ν 4 = ∆ is the signed area of the triangle formed by the point vortices. Rewriting the the Lie-Poisson equation in the new coordinates, we obtaiṅ
These are the equations of relative motion [3, Eqs. (22) and (25) Example 3.10 (N = 4 with γ 0 = 0). As discussed in Propositions 2.3 and 2.6 (see also Remark 2.7), the R 2 -reduced space Z 0 in this case is C 2 \{0}, and so the Lie algebra v K 0 is essentially the same as v K from Example 3.9 with N = 3. Hence one can formulate the Lie-Poisson dynamics as well as demonstrate the integrability of the system (see Eckhardt [9] ) just as in the above example; see Fig. 1 (b) .
Proof. From the expression (7) for K, we see that
However, setting Γ = (Γ 1 , . . . , Γ N −1 ) and 1 = (1, . . . , 1) in R N −1 , the determinant on the right-hand side can be written as Proof of Lemma 3.2. It suffices to show that the Lie group U(K) acts transitively on the level set R −1 (c) of the momentum map (12) for any c ∈ R\{0} because that implies that R −1 (R(z)) ⊂ U(K) · z whereas the other inclusion U(K) · z ⊂ R −1 (R(z)) is trivial.
By the assumption and the above lemma, we have det K = 0. Therefore, the inner product on Z ∼ = C N −1 defined by v, w K := v * Kw for v, w ∈ Z is non-degenerate in the sense that v, w K = 0 for any w ∈ Z implies that v = 0. This implies that one can find a basis for Z with respect to which K is expressed as ⊂ C q ; where S n r stands for the n-sphere with radius r > 0 centered at the origin. Therefore, one can findW ∈ U(p) andŴ ∈ U(q) such thatz =Ww andẑ =Ŵŵ. Then, setting W =
W 0 0Ŵ
, one sees that W ∈ U(p, q) and z = W w. 
